A UNIVERSAL CHARACTERIZATION OF THE 
CHERN CHARACTER MAPS 



GONgALO TABUADA 

Abstract. The Chcrn character maps are one of the most important work- 
ing tools in mathematics. Although they admit numerous different construc- 
tions, they are not yet fully understood at the conceptual level. In this note 
we eliminate this gap by characterizing the Chern character maps, from the 
Grothendieck group to the (negative) cyclic homology groups, in terms of sim- 
ple universal properties. 



1. INTRODUCTION 

In his foundational work, Chern [2] introduced character maps from A'-theory 
to de Rham cohomology in order to study complex vector bundles on smooth man- 
ifolds. Chern's construction made use of connection forms, exterior derivatives, . . . 

Forty years latter, Connes [3] extended Chern's work to the non-commutative 
setting. He invented a new theory that plays the role of de Rham cohomology and 
constructed Chern character maps with values in it. Given a commutative base 
ring k and a unital (but not necessarily commutative) fc-algebra A, the (functorial) 
Chern characters maps 

(1.1) ch- : Ko{A) HC^{A) cK ■ K^iA) HC^niA) , n > 

go form the Grothendieck group to the (negative) cyclic homology groups; see [6, 
§8]. Connes's construction made use of idempotents, a generalized trace map, . . . 

Latter, in the nineties, McCarthy [7] and Keller [5] extended^ the Chern character 
maps (1.1) from fc-algebras to dg categories; see §2 for the notion of dg category. 
Given a commutative and unital base ring k, we have natural transformations 

(1.2) ch- : Ko => HCo c/i„ : R'o =^ HC2n , n > 

between functors defined on the category of small dg categories and with values in 
abelian groups; see [7, §4.4] [5]. The construction of the Chern character maps (1.2) 
made use of simplicial S'^-fixcd points, a generalized S'.-construction, . . . 

At this point one wonders if it is possible to isolate the fundamental properties 
of the Chern character maps while discarding specific constructions without loosing 
any information. The natural question is the following : 

How to conceptually understand/ characterize the Chern character maps (1.2) ? 
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In this note we provide an absolute and a relative solution to this question. 
Recall form §3 the description of the canonical isomorphisms 

: HC^{k) -^k V« : HC2n{k) k , n>0. 

Theorem 1.3 (Absolute characterization). The canonical maps 

(1.4) Nat(Xo,i/Co-) ^ fc ^ i'' ivimk])) 

(1.5) Nat(i^o,-ffC2„) ^ fc V^Mv{k){[k])), n>0 

are isomorphisms of abelian groups. Here, k stands for the dg category with a single 
object and with k as the (dg) k-algebra of endomorphisms, [k] stands for the class 
of k (as a module over itself) in the Grothendieck group KQ{k) = Ka{k), and Nat 
stands for the abelian group of natural transformations ( with group structure given 
by objectwise addition). 

Under the canonical isomorphisms (1.4) and (1.5), the Chern character maps 
ch~ and chn (1-2) are characterized as the natural transformations corresponding 
to the unit 1 of the base ring k. 

Recall from [(>, §5.1.8] the sequence of natural transformations 

(1.6) HC^ 4 => ^ HC2n ^ • ■ • 4 HC2n 4 HC2n-2 ^ ■ ■ ■ ^ HCq . 

n 

Theorem 1.7 (Relative characterization). Fix a Chern character map chj^ (1.2). 

(i) Then, the Chern character map chn ,n > m, is the unique natural trans- 
formation such that 5^""™) o chn = chm- 

(ii) Similarly, the Chern character map ch~ is the unique natural transforma- 
tion such that the composition 

(1.8) Ko % HC(; 4 ^ HC2n ^ ■ • ■ 4 HC2m 

n 

equals the Chern character map chm- 

To the best of the author's knowledge, Theorems 1.3 and 1.7 offer the first con- 
ceptual characterization of the Chern character maps. Theorem 1.3 characterizes 
the Chern character maps among all natural transformations and Theorem 1.7 as- 
serts that, up to compatibility with the sequence (1.6), there is only one Chern 
character map. It is expected that the conceptual understanding here presented 
will play a catalytic role in the several branches of mathematics where the Chern 
character maps are used. This will be the subject of future research. 

Convention 1.9. In the sequel k denotes a commutative base ring with unit 1. 

2. Additive invariants of dg categories 

In this section we review and develop some of the ingredients of the theory 
of additive invariants of dg categories [9, 10] which will be used in the proofs of 
Theorems 1.3 and 1.7. 

A differential graded (=dg) category (over the base ring k) is a category enriched 
over complexes of fc-modules (Hom-sets are complexes) in such a way that the 
composition fulfills the graded Leibniz rule 

d{fog) = {df)og + {-lf^^<^f)fo{dg). 
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In particular, a dg category with a single object is simply a dg fc-algebra. For a sur- 
vey article on dg categories we invite the reader to consult Keller's ICM adress [4]. 
We denote by dgcat the category of small dg categories. 

As in the case of a (dg) fc-algcbra, given a dg category A wc can consider its 
derived category T>{A) of right ^-modules; see [4, §3.1]. A dg functor A ^ B is 
called a Morita equivalence if the restriction of scalars functor 'D{B) ^ T^{A) is an 
equivalence of (triangulated) categories; see [4, §3.8]. 

Let ^ be a dg category. Consider the dg category T{A) whose objects are the 
pairs {i,x), where i is an element of the set {1,2} and x is an object of A. The 
complex of morphisms in T{A), from (i^x) to {i' ,x'), is given by A{x^x') il i' > i 
and is otherwise. Composition is induced by the composition operation in A] see 
[9, §4] for details. Note that we have two natural inclusion dg functors 

ii-.A^ T{A) i2.A^ T{A) . 

Definition 2.1. Let E : dgcat — > D be a functor with values in an additive category. 
We say that E is an additive invariant if it satisfies the following two conditions : 

(i) it sends the Morita equivalences to isomorphisms; 

(ii) given any dg category A, the inclusion dg functors induce an isomorphism^ 

[E[ii) E{i2)] : E{A) © E{A) ^ E{T{A)) . 

A morphism of additive invariants is a natural transformation of functors. We 
denote by Fuua (dgcat, D) the category of additive invariants with values in D. 

Example 2.2. Examples of additive invariants with values in (the additive cat- 
egory of) abelian groups include the Grothcndicck group functor (A'o), the cyclic 
homology group functors (iJC„,n > 0), the zero periodic homology group functor 
(iJCg^'), the zero negative homology group functor (HCq), . . .; see [9, §6.1-6.2]. 

As in the case of (dg) fc-algebras, given two dg categories A and B, wc can form 
its tensor product AiS^B (and also its derived version A^^B); see [4, §2.3]. Consider 
the additive category Hmoo whose objects arc the small dg categories and whose 
abelian groups of morphisms arc given by 

Hmoo(AS) ■■= KQTep{A,B). 

Here, Kq is the Grothendieck group [n, Def. 4.5.8] of the full triangulated subcat- 
egory rep(v4, B) of V{A°'' (8)^ B) whose objects are the bimodules X such that for 
every object x in A the S-module X{—,x) is compact in 'D{B). Composition in 
Hmoo is induced by the (derived) tensor product of bimodules; see [9, §6] for details. 
Note that we have a natural functor 

(2.3) Ua ■ dgcat — > Hmoo 

which is the identity on objects and maps a dg functor F : A ^ B to the class in the 
Grothendieck group Kq rep(^, B) of the bimodule in rep(^, B) naturally associated 
to F. Since the functor U/\ is the identity on objects, we will write, whenever it is 
clear front the context, A instead of Ua{A). 



Condition (ii) can be equivalently formulated in terms of a general scmi-orthogonal decom- 
position in the sense of Bondal-Orlov; see [9, Thm. 6.3(4)]. 



4 



GONgALO TABUADA 



Theorem 2.4. The functor (2.3) is the universal additive invariant, i.e. given any 
additive category D, we have an induced equivalence of categories 

{UaT : Funadd(Hmoo, D) ^ FunA(dgcat, D) , 

where Funadd(Hmoo, D) denotes the category of additive functors. 

Proof. Let E be an object of FunA(dgcat, D), i.e. an additive invariant with values 
in D. Thanks to [9, Thms. 5.3 and 6.3] the functor E factors uniquely through 
giving rise to an additive functor E : Hmoo — > D. If 77 is an element of 
Na,t{E, E'), i.e. a morphism rj : E ^ E' oi additive invariants, then Tj : E ^ E', 
with r]{A) := r]{A) for every dg category A, is a natural transformation of additive 
functors. We obtain then a well-defined functor 

(2.5) H : FunA(dgcat, D) Funadd(Hmoo, D) . 

Making use of ['.), Thms. 5.3 and 6.3], we observe that the functors (Ua)* and (— ) 
are (quasi-)inverse of each other. This achieves the proof. □ 

Notation 2.6. We will denote by k the dg category with a single object and with 
k as the (dg) A:-algebra of endomorphisms. 

Lemma 2.7. (|9, Lem. 6.5]J Given any dg category A, we have a natural isomor- 
phism of abelian groups 

HomHmon(fc,-4) - Kq(A) . 

3. Canonical Isomorphisms 

In this section we describe the canonical isomorphisms 

7/-- : HCoik) fc 7/>„ : HC2n{k) ^ fc , n > . 

Straightforward computations show that in the cyclic bicomplex CC{k) [(>, §2.1.2] 
the maps 

b, -b' : fc®("+i) fc®", n>l {l-t),N : fc®("+i), n > 

are given as follows (where fc®™ was naturally identified with k) : 

for n odd ^, f — id for n odd 

id for n even 1 for n even 

,^ ^, f 2id for 71 odd N — I ^ " '^'^'^ 

1 for 71 even 1 (7i + l)id for 71 even 

Therefore, in the total complex Tot CC{k) the differential map 

d : ^otCC{k)„^+l — > Tot CC{k)ra 

vanishes for 771 even and is surjectivc for 771 odd. This implies that for 7i > 0, we 
have 

HC2n+i{k) = and HC2n{k) = Z2„(Tot CC{k)) . 

A careful calculation shows that Z2„ (Tot CC(fc)) is the free fc-module of rank one 
generated by the canonical cycle 

(3.1) u" {yn, Zn, . . . ,yi, Zi, . . . ,yi, zi,yo) E (Tot CC(fc))2„ 
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where*^ 

0<i<n and (-l)'-i ^1 , 1 < i < n . 

The isomorphisms iprnn ^ 0, are then the unique fc-hnear maps that send the 
canonical generator u" to the unit 1 of the base ring k. 

Now, recall from [6, Prop. 5.1.9] Milnor's short exact sequence 

\im^HC2n+i{k) — ^ i?CP"'(fc) limiJC2„(fc) . 

n n 

Since HC2n+i{k) = for n > 0, the Mittag-LefHer condition [(>, §5.1.10] is au- 
tomatically fulfilled and so the lim^-term vanishes. We obtain then a canonical 
isomorphism 

(3.2) HCl^'^k) ^ limffC2„(fc) . 

n 

Moreover, the periodicity map S [(i, §2.2], which is induced from the truncation of 
the cyclic bicomplex, sends the canonical generator u" of HC2n{k) to the canonical 
generator of HC2n-2{k). These facts imply that HC^lk) is the free fc-module 
of rank one generated by the canonical cyle 

(3.3) i-limu" = (...,y„z„...,2/i,zi,yo) e (ToT CC" (fc))o . 

n 

The isomorphism -0" is then the unique fc-lincar map that send the canonical gen- 
erator to the unit 1 of the base ring k. 

4. Absolute characterization 

Proposition 4.1. Let E : dgcat —> Ab he an additive invariant with values in (the 
additive category of) abelian groups. Then the canonical map 

(4.2) Nat(A'o, E) ^ E{k) rj ^ rj{k){[k]) 

is an isomorphism of abelian groups. Here, [k] stands for the class of k (as a module 
over itself) in the Grothendieck group A'o(fc) = Ko(k) anrfNat stands for the abelian 
group of natural transformations (with group structure given by objectwise addition). 

Proof. The functors Kq and E are additive invariants and so they belong to the 
category FunA(dgcat, Ab). Using the functor (2.5) we obtain then an isomorphism 

(4.3) Nat{Ko,E) ^ Nat(i?o,^) V^V, 

which is moreover compatible with the group structure (on both sides) given by ob- 
jectwise addition. Thanks to Lemma 2.7 the additive functor Kq is corcpresentable 
in Hmoo by the object k. Therefore, since every additive functor is a Ab-functor [1, 
Dcf. 6.2.3], the enriched Yoneda Lemma [1, Thm. 8.3.5] furnish us an isomorphism 
of abelian groups 

(4.4) Nat(l?o, E) ^ E{k) 77 ^ ri{k){idk) ■ 

Note that by construction of Hmoo, the identity idfe of the object k in Hmoo cor- 
responds to the class [k] of k (as a module over itself) in the Grothendieck group 



'Note that and arc integers. 

i\ 2{i\) 
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Ko{k) = Ko{k). Since E{k) = E{k) and f]{k) = 'i]{k), we eonclude that the canoni- 
cal map (4.2) is the composition of the isomorphisms (4.3) and (4.4). This achieves 
the proof. □ 

Proof of Theorem 1.3. Wc have the equaUties 

HC^{k) = HC^ik) and HC2n{k) = HC2n{k) , n > 

and the functors HCq and HC2mn > 0, are additive invariants with values in 
abelian groups. Therefore, the canonical isomorphisms (1.4) and (1.5) follow from 
combining Proposition 4.1 with the isomorphisms -0" and -071 ■ 

Now, let chn be a Chern character map. Thanks to the agreement property [7, 
§4.5], when we evaluate c/i„ at k we obtain the map 

(4.5) Xo(fc) HC2n{k) 

of [6, Thm. 8.3.4] (with A = k). Note that in order to calculate the value cft-„(fc)([fc]) 
of the map (4.5) at [k] we can choose for idempotent e the unit 1 of the base ring 
k ~ Mi{k)\ see [6, §8.3.1]. Therefore, a careful analysis shows that c/i„(fc)([fc]) is 
precisely the canonical generator -u" (3.1) of HC2n{k); see [6, Lem. 8.3.3]. Using 
1pm we conclude that under the canonical isomorphism (1.5), the Chern character 
map chn is characterized as the natural transformation corresponding to the unit 
1 of the base ring k. 

We now consider the Chern character map ch^ . Thanks to the agreement prop- 
erty [7, §4.5], when we evaluate ch~ at k we obtain the map 

(4.6) Koik) ^ HCoik) 

of [6, Prop. 8.3.8] (with A ~ k). Once again, in order to calculate the value 
ch~ (k){[k]) of the map (4.6) at [k], we can choose for idempotent e the unit 1 of 
the base ring fc ~ 7V(i(fc). In this case we realize that ch~ {k){[k]) is precisely the 
canonical generator u°° (3.3) of HCQ{k). Using we conclude that under the 
canonical isomorphism (1.4), the Chern character map ch~ is characterized as the 
natural transformation corresponding to the unit 1 of the base ring k. □ 

5. Relative characterization 

Proof of Theorem 1.7. By construction, see [7, Defs. 4.4.1-4.4.2] and diagram 
[6, (11.4.3.3)] (with n = 0), we have o cK = chm- Now, recall that the 

periodicity map 

5* : HC2n ^ HC2n-2 , 

when evaluated at k, sends the canonical generator m" (3.1) oi HC2n{k) = HC2n{k) 
to the canonical generator of HC2n-2{k); see [6, Rk. 2.2.2]. We have then the 
following commutative diagram 

(5.1) HC2n{k) HC2n^2{k) ^ HC2.n{k) 



Thanks to Theorem 1.3 the Chern character map chn corresponds, under the canon- 
ical isomorphism (1.5), to the unit 1 of the base ring k. Therefore, using the above 
commutative diagram (5.1), we conclude that chn is in fact the unique natural 
transformation such that o c/i„ = chm- This shows item (i). 
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Let us now show item (ii). Once again by construction, the composition (1.8) 
equals the Chern character map chm', see [(i, Prop. 8.3.8]. Recall from [(i, §5.1] that 
the natural transformation 

/ : HCo HCl°' 
is the identity. We have then the following commutative diagram 

(5.2) HCoik) — HC^''{k) l^HC2n{k) > ^ HC2m{k) 



■r 



lim ipn 



i'r 



■k. 



where 9 is the isomorphism (3.2). Thanks to Theorem 1.3 the Chern character map 
ch~ corresponds, under the canonical isomorphism (1.4), to the unit 1 of the base 
ring k. Therefore, using Lemma 5.3, Proposition 4.1, and the above commutative 
diagram (5.2), we conclude that ch~ is in fact the unique natural transformation 
such that the composition (1.8) equals the Chern character map chm- This shows 
item (ii). □ 

Lemma 5.3. The functor 

^m HC2n ■ dgcat — > Ab 

n 

is an additive invariant. 

Proof. Condition (i) is clear. Condition (ii) follows from the fact that the functors 
6*2,1, n- > 0, are additive invariants and that finite sums agree with finite products 
in Ab. □ 
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